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Exercise Sheet with solutions 07

Tutorial Exercise T7.1
Compute the generating functions of the following series:

() an =2"+3" () by = (n+1)2"  (c) ¢ = " (")
(d)d,=n—-1 (e) en = (n+1)?

Solution
(a) The generating function of (™) is ), -, a"z", which yields —— in closed form. The gene-

rating function of a,, = 2" 4+ 3" is thus simply ﬁ + 1f32.

(b) We start with (2") and . Derivating yields b, = (n 4 1)2""' with generating function
2
=222

(c) The series (Z) has the generating function (1 + 2)*. Scaling with « results in ¢, = a” (:)
with corresponding generating function (1 + az)*.

(d) We already know that the series (n+ 1) = 1,2,3,4,... belongs to the generating function
L In order to obtain d, = —1,0,1,2,3, ..., we first shift this twice to the right. This yields

(=g
22

0,0,1,2,3,4,... with generating function ((SoEE Now we subtract 1,0,0, ... and obtain d,, with

generating function ﬁ — 1.

e) Recall that (n+ 1) = 1,2,3,4, ... has the generating function ——;. We shift to the right
(1-2)

and obtain (n) as well as ﬁ Derivating yields the desired series e,, = (n+1)? with generating

z+1
(1—2)%"

function

Tutorial Exercise T7.2

Compute:
1 z4+1 z 4 1\2 1
@y O ©RI(E) @R

Solution
(a) We know that Y, oz, yields =—. So [2"]15; = (=2)".
(b) We use that

n+1 1

=142
n—1 * 1—n

and get A(z) 4+ 2B(z) with



and

to obtain [2"]Z5 = (n = 0) + 2.

(¢) The convolution rule yields

n

A(z)? = ni;o (Zakan_k>z"

k=0

We use our solution for a,, from (b) to obtain For n # 0

n n—1
Zakan_k = (Z%%—k) +ag-an+ay,-ay=4n—1)+4=4n
k=0 k=1

and for n =0

n
E A = 1
k=0

2
Which yields [2"] (Z“) =4n+ (n=0).

z—1

(d) We start with
1 1 1

stz B+ 5

= (1)

Finally we use scaling with 1/5 to obtain

We use that

) =

1 /=1
— 357,
Vo +z ﬁ(n)

Homework Exercise H7.1
Let A(z) and B(z) be the OGFs of two series a,, and b,,.
The convolution ¢, = (a,)5%, * (bn)5, of a, and b, is defined as

Cp = Z arbn_r.
k=0
For example,
()% (@), = (k)™
k=0

Prove that the OGF of the convolution of a,, and b, is A(2)B(z).

Solution
Let A(z) =) 0" sa,2" and B(z) = > 2, b,2". Then
A(2)B(z) = Z a, 2" Z b 2™ = Z ap Z b2t = Z an Z b—n2®
n=0 m=0 n=0 m=0 n=0 k=0
0o 00 oo k 0o
= Anbp_nz* = anbr_pz2" = Z
k=0 n=0 k=0 n=0 k=0



Homework Exercise H7.2
Solve this recurrence using generating functions:

and ag =0, a; = 2.

Solution

Up = 201 + 3y 2

We start with S(z) = > <, an2". Since the values ay and a; are given, we rewrite this as

S(z) =ap+arz+ Z a,z".

n>2

Using the recursive definition, this yields

S(z) =ap+ a1z + 2(2%4 +3a,2)2" =ag+ a1z + Z 2a,_12" + Z 3a,_22".

Shifting results in
5(2)

This implies

n>2 n>2 n>2

= aqyt+ a1z +z2 Z 2a,2" 1 + Z 3a, 2" 2

n>1 n>0
= ag+ a1z — 2a9z + 2z E a, 2" + 322 E an2"
n>0 n>0

= 22+ 2259(2) +32°9(2)

2z 2z
5z) = 1-22-322  (1+2)(1-32)

Now, we need to find a and b such that

S(z) =

2z _a n b
(1+2)(1-32) 1+4+z 1-3z

Setting z = 0 and z = 1 implies a + b = 0 as well as —2a + 2b = 2, and thus a =

b= 1/2. We obtain

5(z) =

Thus, we have

12 1/2 1 non L LN anon
+ :—52(—1)2 +§Zsz

142z 1-3z = =

11
121
1331
14641
15101051
1615201561

—1/2 and



